In this study, a reliable algorithm to develop approximate solutions for the problem of fluid flow over a stretching or shrinking sheet is proposed. It is depicted that the differential transform method (DTM) solutions are only valid for small values of the independent variable. The DTM solutions diverge for some differential equations that extremely have nonlinear behaviors or have boundary-conditions at infinity. For this reason the governing boundary-layer equations are solved by the Multi-step Differential Transform Method (MDTM). The main advantage of this method is that it can be applied directly to nonlinear differential equations without requiring linearization, discretization, or perturbation. It is a semi analytical-numerical technique that formulizes Taylor series in a very different manner. By applying the MDTM the interval of convergence for the series solution is increased. The MDTM is treated as an algorithm in a sequence of intervals for finding accurate approximate solutions for systems of differential equations. It is predicted that the MDTM can be applied to a wide range of engineering applications.
Introduction
A number of industrially important fluids such as molten plastics, polymer solutions, pulps, foods and slurries, fossil fuels, special soap solutions, blood, paints, certain oils and greases display a rheologically-complex non-Newtonian fluid behavior. Non-Newtonian fluids exhibit a non-linear relationship between shear stress and shear rate. The Navier-Stokes equations governing the flow of these fluids are complicated due to their highly non-linear nature. The non-linearity nature of the equations comes from the constitutive equations which represents the material properties of rheological fluids. It is, therefore, not easy to find their exact solutions because the superposition principle for non-linear partial differential equations does not hold. Numerous models have been developed to simulate a wide variety of rheological fluids, including viscoelastic differential models [1] , couple stress fluid models [2] and micropolar fluid models [3] .
Magnetohydrodynamic flows also arise in many applications including materials processing [4] and MagnetoHydro-Dynamic (MHD) energy generators [5] .
Boundary-layer flows of non-Newtonian fluids have been of great interest to researchers during the past three decades. These investigations were for non-Newtonian fluids of the differential type [6] . In the case of fluids of differential type, the equations of motion are of order higher than that of the Navier-Stokes equations, and thus, the adherence boundary condition is insufficient to determine the solution completely [7] [8] [9] . The same is also true for the boundary-layer approximations of the equations of motion.
In this paper, a reliable algorithm of the DTM, namely MDTM [10] is used to explain the behavior of the fluid such as stream function profile, velocity profile and variations of the velocity profile.
The concept of the DTM was first introduced by Zhou [11] in 1986 and it was used to solve both linear and non-linear initial-value problems in electric circuit analysis. This method constructs, for differential equations, an analytical solution in the form of a polynomial. Not like the traditional high-order Taylor series method that requires symbolic computation, the DTM is an iterative procedure for obtaining Taylor series solutions [12, 13] . Against these advantages, the DTM solutions diverge for some highly non-linear differential equations that have boundary conditions at infinity [14] .
The paper has been organized as follows: In Section 2, the basic concepts of the differential transform method are presented. The basic concepts of the multi-step differential transform method are presented in Section 3. In Section 4, the mathematical formulation is introduced. The analytical solution by the MDTM is presented in Section 5. Section 6 contains the results and their discussion. Finally, the conclusions are summarized in Section 7.
Basic Concepts of the Differential Transform Method
Transformation of the th k derivative of a function in one variable is as follows [15] 
and the inverse transformation is defined by
From Equations (1) and (2), we get:
which implies that the concept of the differential transform method is resulting from Taylor series expansion, but the method does not calculate the derivatives representatively. However, the relative derivatives are calculated by an iterative way which is described by the transformed equations of the original function. For implementation purposes, the function ( ) f t is expressed by a finite series and Equation (2) can be written as
where ( ) F k is the differential transform of ( ) f t .
Basic Concepts of the Multi-Step Differential Transform Method
When the DTM is used for solving differential equations with the boundary condition ns at infinity or problems that have highly non-linear behavior, the obtained results were found to be incorrect (when the boundary-layer variable go to infinity, the obtained series solutions are divergent). Besides that, power series are not useful for large values of the independent variable. To overcome this shortcoming, the multi-step DTM that has been developed for the analytical solution of the differential equations is presented in this section. For this purpose, the following non-linear initial-value problem is considered,
subject to the initial conditions
be the interval over which we want to find the solution of the initial-value problem (5). In actual applications of the DTM, the approximate solution of the initial value problem (5) can be expressed by the following finite series:
The multi-step approach introduces a new idea for constructing the approximate solution. Assume that the
The main ideas of the multi-step DTM are as follows. First, we apply the DTM to Equation (5) over the interval [0, 1 t ], we will obtain the following approximate solution,
using the initial conditions
t ] we will use the initial conditions
and apply the DTM to Equation (5) 
where N K M   . In fact, the multi-step DTM assumes the following solution:
t t t f t t t t f t n f t t t t
The new algorithm, multi-step DTM, is simple for computational performance for all values of h . It is easily observed that if the step size , h T  then the multi-step DTM reduces to the classical DTM. As we will see in the next section, the main advantage of the new algo-rithm is that the obtained series solution converges for wide time regions and can approximate non-chaotic or chaotic solutions.
Mathematical Formulation
Consider the flow of a second-order fluid following Equations (10-12) as 
where 1 A (gradv)+(gradv) T  , and
The flow past a flat sheet coinciding with the plane 0 y  , the flow being confined to 0 y  . Two equal and opposite forces are applied along the x-axis so that the wall is stretched, keeping the origin fixed, and a uniform magnetic field 0 B is imposed along the y-axis. The steady two-dimensional boundary-layer equations for 
The precise mathematical problem considered is [16] 
The appropriate boundary conditions for the problem are
Analytical Solution be the MDTM
Applying the MDTM to Equation (15) gives the following recursive relation in each sub-domain ( i t , 1 
Original function Transformed function ( ) ( ) ( ) f t u t v t
( 1) ( 1)( 1) ( 1) ( 1) ( 1)
where ( ) F k is the differential transforms of ( ) f  .
We can consider the boundary conditions [Equations. (15) and (16)] as follows:
The differential transform of the above initial conditions are as follows
Moreover, substituting Equations (20) and (21) into Equation (17) and by using the recursive method, we can calculate other values of ( ) F k . Hence, substituting all ( ) F k , into Equation (4), we obtain series solutions. By f    , we can obtain  ,  . For analytical solution of the considered problem, the convergence analysis was performed and in Equation (4), the i value is selected equal to 10 and the interval was set equal to 0.01.
Results and Discussion
Equation (15) with transformed boundary conditions was solved analytically using the DTM and the MDTM. In order to give a comprehensive approach of the problem, a comparison between DTM, MDTM and DTM-Padé solutions for various parameters is presented. In Figures 1-9 , solutions for the stretching sheet are illustrated. Figures 1-3 show the variation of ( ) f  , VIM, ADM and HPM). The method has been applied directly without requiring linearization, discretization, or perturbation. The accuracy of the method is excellent.
The obtained results demonstrate the reliability of the algorithm and give it a wider applicability to non-linear differential equations.
